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CHARACTERIZATIONS OF THE PLANE AND THE CATENOID
AS CAPILLARY SURFACES
EUNGBEOM YEON
Abstract. In this paper we prove that a capillary minimal surface outside the unit ball
in R3 with one embedded end and finite total curvature must be either part of the plane
or part of the catenoid. Furthermore, we prove that a capillary minimal surface outside
the convex domain bounded by several spheres with one embedded end and finite total
curvature must be part of the plane.
1. Introduction
The plane and the catenoid are two important examples in minimal surface theory. The
plane is the only totally umbilic minimal surface in R3 and the catenoid is the only rotational
minimal surface in R3. Beside these properties, various characterizations of the plane and
the catenoid have been stuidied in many years. For example, the plane is the only entire
minimal graph in R3 [2]. The complete minimal surface of finite total curvarture with
two annular ends must be the catenoid [19]. In fact, the catenoid is the only embedded
complete minimal annulus with finite total curvature [9]. It is also known that complete
minimal annulus in R3 whose intersection with every z-planes are Jordan curves must be the
catenoid [4]. There is also a variational characterization of the catenoid in view of stability
of the surface [1]. Maximally stable part of the catenoid is called the critical catenoid.
Various results on characterizations of capillary minimal surfaces are also known. Capil-
lary minimal surface Σ in a domain U is a minimal surface Σ which meets ∂U in a constant
contact angle along ∂U . When the contact angle is 90°, the surface is called the free bound-
ary minimal surface. Nitsche [15] proved that the disk type capillary minimal surface inside
a unit ball must be an equatorial disk. Ros and Souam [18] generalized the result to space
forms H3, S3. Fraser and Schoen [7] showed that the free boundary minimal disk in a higher
dimensional ball in space forms must be a planar one. The critical catenoid meets the
boundary of the unit ball perpendicularly. Park and Pyo [17] showed that the immersed
minimal annulus with two planar boundary curves along which the surface has constant
contact angle must be a part of the catenoid. A famous conjecture that asks if the embed-
ded capillary mimimal annulus in the unit ball would necessarily be a critical catenoid has
been solved recently [14].
The critical catenoid also plays an important role in recent results on free boundary
minimal surfaces regarding Steklov eigenvalue problems. For example, Fraser and Schoen
[6] showed that the free boundary minimal annulus in a unit ball B3 such that the coordinate
functions are the first eigenfunctions must be the critical catenoid.
In this paper, we characterize the plane and the catenoid as capillary minimal surfaces
with embedded ends. Instead of looking at the capillary minimal surface in the unit ball
B3, we consider the exterior problem that generalizes the Nitsche’s theorem. We study a
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capillary minimal surface in R3 \ B3 with one embedded end and with boundary lying on
the unit sphere S2.
Let D denote the open disk {z ∈ C∣∣|z| < 1}, D′ the punctured unit disk {z ∈ C∣∣0 <
|z| < 1} and D′ the punctured closed unit disk {z ∈ C∣∣0 < |z| ≤ 1}. Then the minimal
surface with finite total curvature and one embedded end can be conformally parameterized
by z ∈ D′ with the puncture corresponding to the end of Σ and {z ∈ C∣∣|z| = 1} to the
boundary ∂Σ.
We prove the following theorem in section 3.
Theorem 1. Let X ∈ (C2(D′,R3)∩C1(D′,R3)) be a capillary minimal surface in R3 \B3
with finite total curvature and one embedded end. Then it must be either part of the plane
or part of the catenoid.
By the help of Osserman’s theorem [16], a complete minimal surface is conformally equiv-
alent to a compact riemann surface with finite number of punctures. If the metric of the
surface diverges at a puncture, it becomes a complete end of the minimal surface. Schoen
[19] showed that if a complete minimal surface with finite total curvature has an embedded
end, the surface is regular at infinity and that the end must be planar or catenoidal one.
Many other geometric results on topological properties of the ends of minimal surfaces were
studied by Jorge and Meeks [9].
In [3], characterization of constant mean curvature capillary surfaces were studied. It
generalized Nitsche’s theorem to domains bounded by several number of spheres or planes
using Hopf’s method. Motivated by this work, we generalize Theorem 1 to the domain
exterior to convex domains bounded by several spheres. In this domain, the contact angle
may be distinct along each component of the spheres. We have the following theorem.
Theorem 2. Let U be a convex domain in R3 which is bounded by k(k ≥ 1) spheres. Let
X ∈ (C2(D′,R3) ∩ C1(D′,R3)) be a capillary minimal surface in R3 \ U with finite total
curvature and one embedded end. If k > 1 , the surface with a catenoidal end cannot exist.
Furthermore, the surface with a planar end must be part of the plane.
2. Preliminaries
In this section we present the Weierstrass representation formula for minimal surfaces in
R3. We know that the Gauss map of a complete minimal surface of finite total curvature Σ
can be considered as a meromorphic function g(z) : Σ → C ∪∞ where z is the conformal
coordinate on the surface. Taking third coordinate function x3 defined on the surface, we
have the holomorphic differential dh = dx3 + idx
∗
3. Here, we have to be aware that the
harmonic conjugate x∗3 can be a multi-valued function since the conformal coordinate could
be defined on a multiply connected domain. The pair (g, dh) is called the Weierstrass data
and the minimal surface X : Σ→ R3 can be represented by the real part of the holomorphic
curve as follows.
X(p) = Re
∫ p
p0
(
1
2
(
1
g
− g
)
,
i
2
(
1
g
+ g
)
, 1
)
dh.
Conversely, if the Weierstrass data (g, dh) is given, the above representation give rise to
a conformal minimal immersion if zeroes of dh coincide with the zeroes and poles of g with
the same order, and for any closed curve γ ∈ Σ,
3∫
γ
gdh =
∫
γ
dh
g
, Re
∫
γ
dh = 0
holds.
With the Weierstrass data, various geometric invariants can also be represented by the
data. In particular, the first and second fundamental forms of the surface are given by
ds2 =
(
1
2
(|g|+ |g|−1)|dh|
)2
= Λ2|dz|2,(2.1)
b(v, v) = Re
(
dg
g
(v) · dh(v)
)
.(2.2)
where v is a tangent vector to the surface Σ. Also, the Gaussian curvature of the surface is
given by
K = −
 4
∣∣∣dgg ∣∣∣
(|g|+ |g|−1)2|dh|)
2 .(2.3)
Exploiting the Weierstrass data, minimal surface theory flourishes in R3.
Now we review some facts in [8] for completeness. A field of line elements is a vector
field defined on a region that is a family of curves such that at each point the vector field is
tangent to a curve through that point. We assume all fields of line elements in this paper is
smooth. In case a field of line elements cannot be extended to a single point p then the point
p is called a singularity of the field of line elements. An index of an isolated singularity p of
the field of line elements is defined as j where 2pij is a rotation number around a singular
point p. We can see that j is of the form n2 where n is an integer. The index number does
not depend on what curve we choose or what metric we use on the surface.
Figure 1. Examples of field of line elements with isolated singularities of
index 1, 52 and −12 .
Figure 1 shows that for arbitrary integer n, we can consider a field of line elements with
isolated singularity of index n2 . We review two important theorems.
4 YEON
Theorem ([8]). Let S be a closed, orientable surface of genus g with a Riemannian metric
defined on S and denote K as the Gaussian curvature defined on S. Given a field of line
elements F on S, assume that it has finite number of singularities pi for i ∈ I where I is a
finite index set. And denote jpi as the index of pi. then∫ ∫
S
KdA = 2pi
∑
i∈I
jpi .
Using the above Theorem, we have
Poincare´-Hopf Theorem ([8]). If F is a field of line elements on a closed surface S of
genus g with finite number of singularities. If we use same notations as Theorem 2.1, then∑
i∈I
jpi = 2− 2g.(2.4)
3. Proof of Theorem 1
In this section, we prove the Theorem 1. As mentioned in the sectrion 1, we parameterize
the surface with a conformal parameter z = u + iv in a punctured disk D′ = {z ∈ C|0 <
|z| < 1} so that we get a conformal immersion X : D′ → Σ.
Since the surface D′ → Σ has finite total curvature, we know the fact that the Gauss
map of the surface can be meromorphically extended to the puncture [16]. Indeed, we see
from [19] that the surface must have a catenoidal end or a planar end. After rotation,
we can assume that the Gauss map points the south pole so the mero morphic function
g(z) : D′ → C has the value 0 on z = 0.
Following Nitsche’s method as in [15], we can consider the Hopf differential Φ(z)dz2 on
the surface. It is well known that the complex function Φ(z) is holomorphic on the minimal
surface [8]. Estimating the Gaussian curvature near the end of the surface, we have the
following lemma.
Lemma 1. Let a minimal surface Σ be as in the main theorem. Then the harmonic func-
tions α, β satistifes
α = β = 0
on the whole surface when the surface has the planar end. In case the surface has the
catenoidal end,
α = A, β = 0
for some nonzero constant A.
Proof. Since conformal parameter z = u + iv is given on the surface, we can consider the
function f(z) = z2Φ(z) = α+ iβ as in [15]. The Terquem-Joachimsthal theorem [20] shows
that the boundary meeting ∂B3 with constant contact angle implies that the ∂Σ is the line
of curvature. When we put z = ρeiθ, we get by direct calculation that
1
ρ
Nθ =
β
ρ2Λ
Xρ +
1
Λ
(
α
ρ2
− ΛH
)
1
ρ
Xθ(3.5)
where N is the Gauss map of the surface and Λ is defined as in (2.1). Since the boundary of
the surface becomes the line of curvature, we have β = 0 along the boundary of the surface.
5We now describe the surface in terms of the Weierstrass data. To be more specific, the
Weierstrass data of the surface is given by
g(z) = zn + cn−1zn−1 + · · ·+ c1z (n ≥ 1)(3.6)
dh
g
=
d−2
z2
+
d−1
z
+ d0 + d1z + · · · .(3.7)
The reason that the Gauss map can be represented as a holomorphic function of z is that
we assumed the Gauss map points the south pole at the puncture. Note that the surface
has the planar end for n > 1, the catenoidal end when n = 1. Representation of dh follows
from the growth of the height function, x3, which is given by
x3(z) = Re
∫
dh
in the Weierstrass representation formula.
Let us denote
( L M
M N
)
the second fundamental form of the surface as usual.
Here,
L = − < Nu, Xu >, M = − < Nv, Xu >, N = − < Nv, Xv >
where N : Σ → S2 is the Gauss map of the surface. In terms of the above notation, the
holomorphic function Φ can be written as
Φ(z) =
L −N
2
+ iM.
Since
( L M
M N
)
is similar to the matrix
(
Λ2κ1 0
0 Λ2κ2
)
, it follows that
|f(z)|2 ≤ ∣∣z2Φ(z)∣∣2 ≤ C|z|4Λ4 (κ21 + κ22) ≤ 2C|z|4Λ4|K|
for some fixed constant C.
Now we restrict the surface to near the boundary or near the puncture in D′. By
(2.1),(2.3),(3.5),(3.6) and (3.7) we have
|f(z)|2 ≤ 2C|z|4Λ4|K| ≤ C1|z|4|z|−8|z|2n+2 = C1|z|2n−2(3.8)
near z = 0.
When the surface has the planar end or, n > 1, (3.8) implies that |f(z)|2 → 0 as z → 0.
For the case n = 1, we see that |f(z)|2 is bounded as z → 0. It means that the harmonic
function α and β are bounded in a punctured disk so that α, β have removable singularity
on the puncture.
As a result, for arbitrary n ≥ 1, we get β ≡ 0. Furthermore, we see that α ≡ 0 when the
end of the surface is planar, and α ≡ A in case the surface has the catenoidal end for some
nonzero constant A. This completes the proof of the lemma.

Remark 3.1. We note here that in case the surface has an end with multiplicity, f(z)
could have a pole in the puncture. In fact, if the surface has the end asymptotic to the end
of Enneper’s surface, f(z) has a pole of order 2.
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Lemma 2. Let a minimal surface D′ → Σ be as in the Theorem 1 and assume that it has
the catenoidal end. Then all concentric circles centered at the origin of D′ become lines of
curvature of the surface and there is no umbilic point on the surface.
Proof. If there were an umbilic point X(z1), we would have Φ(z1) = 0 since the surface has
mean curvature 0 and z is the conformal coordinate on the surface.
Since we have z21Φ(z1) ≡ A 6= 0 as seen in the Lemma 1, it follows that the surface has no
umbilic point.
Concentric circles being lines of curvature can be seen easily. Lemma 1 implies that (3.5)
becomes
1
ρ
Nθ =
(
α
ρ3Λ
)
Xθ.(3.9)
It means that the vector for all p ∈ D′, Nθ
∣∣
p
is parallel to the vector Xθ
∣∣
p
which implies that
every circle centered at the origin becomes the line of curvature. 
Remark 3.2. Note that the Enneper surface X : C→ Σ has the Weierstrass data (g, dh) =
(z, zdz) defined on C. As mentioned in (3.4), the second fundamental form of the surface
is given by Re (dz(v) · dz(v)). Thus two perpendicular rays X(rei·0), X(rei·pi2 ) become lines
of curvature and the harmonic function β is zero on those rays.
Remark 3.3. Regarding the Gauss map g(z) = pi ◦ N(X(z)) : D′ → C of the surface,
there is an important conclusion that follows from the above lemma. Since the surface in
the Lemma 1 is foliated by lines of curvature and on each point X(z), ∂∂θ
∣∣
z
, ∂∂r
∣∣
z
become
eigenvectors. It means that since two vector fields form an orthonormal basis in each tangent
space, dN : TX(z)Σ→ TN(X(z))S2 6= 0 for all z ∈ D′. It means that there is no such a point
that makes the derivative of the Gauss map zero i.e. g′(z) 6= 0 for all z ∈ D′.
Proof of Theorem 1. We start with the planar end case. By Lemma 1, we know that
the harmonic functions α and β both vanish throughout the whole surface. It implies that
the surface is totally umbilic. By the condition that the surface being minimal and the
boundary angle being constant, the surface must be a part of the plane through a great
circle of the unit sphere.
Now assume that the suface has a catenoidal end. As in [14], we can show that the
boundary curve of the surface has constant curvature thus being a planar circle. Indeed,
in [14] they showed that a free boundary minimal annlus inside the unit ball B3 has a
rotational metric along the boundary. Without any modification, their whole methods can
also be adapted to show that the capillary minimal surface in Theorem 1 has a rotational
metric along the boundary. And if the surface has the rotational metric along the boundary,
we can explicitly calculate the curvature of the boundary curve. In fact, from (3.9) we see
that the boundary of the surface ∂Σ, seen as the curve lying on the surface, has normal
curvature αΛ which is constant since the surface has a rotational metric along the boundary
as mentioned above. On the other hand, ∂Σ, seen as the closed curve in S2, has constant
normal curvature 1. But since the surface meets the unit sphere in a constant contact angle
θ, we see that the boundary curve ∂Σ has constant curvature
√
(αΛ)
2 + 1 + 2α cos θΛ as a space
7curve in R3. Since ∂Σ lies on the unit sphere and also has constant curvature, elemetary
differential geometry shows that ∂Σ is a planar circle.
Recall that the Gauss map of the surface can be meromorphically extended to the punc-
ture [16]. And we can assume that the limit normal of the end points the south pole of the
unit sphere. Since the boundary of the surface is the planar circle, setting a new conformal
coordinate w if necessary, we have g(w) = w,∀w ∈ ∂D. Since g(w) is holomorphic, it
follows that g(w) = w,∀w ∈ D due to the maximum principle of harmonic functions. We
can now write down the Weierstrass data of the surface as follows.
g(w) = w
dh
g
=
e−2
w2
+
e−1
w
+ e0 + e1w + · · · .
Note that by Lemma 2 we have that X(∂D) is a line of curvature of the surface Σ.
Recall that the second fundamental form is given by (2.2). So we have that for every
point p on the boundary circle ∂D = {z∣∣|z| = 1},
Im
(
dg
g
(
∂
∂θ
) ∣∣∣∣
p
· dh
(
∂
∂θ
) ∣∣∣∣
p
)
= 0.(3.10)
Now setting the polar coordinate w = eiθ we get
dg
g
(
∂
∂θ
) ∣∣∣∣
p
=
d(eiθ)
eiθ
(
∂
∂θ
)
=
ieiθ
eiθ
dθ
(
∂
∂θ
)
= i
by the direct calculation. It results that
Im
(
dg
g
(
∂
∂θ
) ∣∣∣∣
p
· dh
(
∂
∂θ
) ∣∣∣∣
p
)
= −Re
(
dh
(
∂
∂θ
) ∣∣∣∣
p
)
.
Again by the simple calculation,
dh
(
∂
∂θ
) ∣∣∣∣
p
=
(e−2
eiθ
+ e−1 + e0eiθ + e1e2iθ . . .
)
ieiθdθ
(
∂
∂θ
)
(3.11)
= i
(
e−2 + e−1eiθ + e0ei2θ + e1ei3θ + . . .
)
.
Regarding (3.10) and (3.11) we have,
Im
(
e−2 + e−1eiθ + e0ei2θ + e1ei3θ + . . .
)
= 0(3.12)
for all θ ∈ [0, 2pi].
But any nonconstant holomorphic function on a closed disk D must have non real values
along the boundary circle r = 1. In other words, if the holomorphic function
b(w) = e−2 + e−1w + e0w2 + e1w3 + . . .
were not a constant function, it would meet non real values along the boundary circle r = 1.
Thus equation (3.12) implies that
b(w) = e−2 + e−1w + e0w2 + e1w3 + · · · ≡ R
for some real constant R.
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As a result, Weierstrass data of the surface becomes
g(w) = w
dh
g
=
R
w2
.
In fact, this implies that the surface is indeed a part of the catenoid.

Remark 3.4. In fact, the coefficient e−1 is actually zero since coordinate functions of the
surface in R3 are well defined functions. Indeed, we can deduce that e−2 is also zero by the
use of Lemma 2.
Remark 3.5. Recently Park and Pyo obtained a similar result assuming the boundary and
the end of the minimal surface to be in the same half space and imposing embeddedness
condition to the surface [17].
Remark 3.6. The proof strongly depends on the facts that the surface is foliated by lines of
curvature and that the surface has rotational metric along the boundary because we could
reparameterize the surface with the inverse of the Gauss map. We can see that the capillary
condition on the boundary is very strong that it controls the first and second fundamental
forms of the surface.
Remark 3.7. We can also consider a capillary minimal surface in R3 \B3 with finite total
curvature and one end asymptotic to an Enneper surface’s end. It is yet unknown that
such surface could exist. Interesting fact is that the minimal surface shows much more
complicated behavior along the boundary in this case.
4. Proof of Theorem 2
In this section, we prove the Theorem 2.
Proof of Theorem 2. We begin with Hopf’s arguments ([3], [8]). Let κ denote the principal
curvature of the surface and ~v the corresponding principal vector. Then it satisfies
−
( L M
M N
)
~v = Λ2κ~v.
Given the complex coordinate z = u+ iv on the suraface, the complex function
Φ(z) =
L −N
2
+ iM
is holomorphic on the surface since the surface is minimal [8]. Then we get the differential
equation of the lines of curvature as follows.
Mdu2 + (N −L)dudv −Mdv2 = 0.
Here,
(
du
dv
)
is set to be the infinitesimal tangent vector. Indeed, the above equation can
be represented in the form
9Im(Φdz2) = 0.
On an isolated umbilic point p, the rotation index of the lines of curvature is given by
Irot(p) = − 1
4pi
δ(argΦ).
Note that if Φ(z) has a zero (a pole, respectively) of order m(−m > 0, respectively) at p,
Irot(p) = −m
2
.(4.13)
Now, let us look at the order of the holomorphic function Φ(z) at the puncture. As in the
proof of the Lemma 1 in the previous section, we have
∣∣Φ(z)∣∣ ∼ |z|n−3(4.14)
near the puncture.
Assume that the surface has a catenoidal end. Since n = 1 in this case, we have
∣∣Φ(z)∣∣ ∼
|z|−2 near the puncture by (4.13). Thus we have that
Irot(z = 0) = 1.(4.15)
As in the proof of Hopf’s theorem [8], at an isolated interior umbilic point q,
Irot(q) ≤ −1
2
(4.16)
since Φ(z) has a zero on z = q.
Let t ∈ ∂Σ denote the boundary umbilic point or the vertex point of the boundary. By
the estimation of the rotation index of the boundary umbilic points([3], Lemma 2), we have
Irot(t) ≤ −1
4
(4.17)
since domain S is convex.
From (2.4), we have that the sum of rotation indices of umbilic points in D = {z ∈ C∣∣0 ≤
z ≤ 1} is equal to the Euler characteristic χ(Σ) = 1 if the set of umbilic points is finite.
Since the surface cannot be totally umbilic, set of umbilic points which is a descrete set in
a compact set is a finite set. (4.14),(4.15) together with (4.16) imply that if k > 1,∑
p
Ip ≤ 1− 1
4
< 1.
This is a contradiction thus it follows that if k > 1, the surface with catenoidal end cannot
exist.
Now assume that the surface has a planar end. Since n > 1, (4.14) implies that
∣∣zΦ(z)∣∣ ≤
C for some fixed constant C. (4.16) implies that
Irot(z = 0) ≤ 1
2
.
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In the same way, the surface cannot exist unless it is totally umbilic. This completes the
proof. 
Remark 4.1. From the fact that the zeroes and poles of the nonzero holomorphic function
Φ(z) give isolated umbilic points, we can geometrically see that the upper bound of the order
of the pole of f(z) as calculated in (3.8) actually becomes the exact order.
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